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If asset returns are normally-distributed then asset values are lognormally-distributed. The value of a basket of
assets (a portfolio) equals the sum of the values of the individual assets in that basket. A problem arises in that
the sum of lognormally-distributed asset values does not follow a known distribution. Whereas asset values are
lognormally-distributed the value of the basket is not. If the random variable A4;(t) is the value of the i’th asset in
the portfolio at time ¢, the random variable P(t) is the value of the portfolio at time ¢, and the variable N is the
number of assets in the portfolio, then our problem in equation form is...

N
A;(t) = A;(0) Exp {return} ~ Lognormal Distribution ...but... P(t) = Z A;(t) ~ Unknown Distribution (1)

i=1

Approximating the sum of two or more lognormal random variables by a single lognormal random variable is useful
in practice as that approximation can be used to model securities involving a basket of assets. For example, the
payoff on a basket option depends on the total value of the assets in the basket. We can value a basket option by
approximating the total value of the assets in the basket via a single lognormal variable and then use the Black-
Scholes model to value the option. We can also construct a VaR (value at risk) analysis using the same methodology.

We will define the variable A to be the portfolio’s return mean, the variable o to be the portfolio’s return volatility,
and the variable ¢ to be time in years. In this white paper we will develop the mathematics to approximate the sum
of two or more lognormal random variables by a single lognormal random variable using The Moment Matching
Method. To that end we will use the following hypothetical problem from Part II...

Our Hypothetical Problem

We are tasked with building an portfolio value model that assumes that asset prices are normally-distributed. We
are given the following go-forward model assumptions...

Table 1: Portfolio Composition

Description Asset 1 Asset 2 Asset 3 Total
Asset value at time zero (in dollars) 300,000 500,000 200,000 1,000,000
Annual return mean 12.00%  10.00% 8.00% -
Annual return volatility 30.00% 20.00% 10.00% -
Annual distribution rate 5.00% 4.00% 3.00% -
Common factor correlations 0.6928 0.8660 0.5774 -

Using the parameters in Table 1 above our model parameters are...

Table 2: Continuous-Time Model Parameters

Symbol Asset 1 Asset 2 Asset 3  Total Notes

A;(0) 300 500 200 1,000 Dollars in thousands
A 0.0227  0.0383  0.0438 — Continuous-time return mean (see Equation (2))
i 0.3000  0.2000  0.1000 — Continuous-time return volatility
Di 0.6928  0.8660  0.5774 —  Correlation with common factor
w; 0.3000  0.5000  0.2000 1.0000 Portfolio weights




Note the following discrete-time to continuous-time conversion...
. . . . e 1 5
Ai = In ( 1 + discrete-time annual return mean - discrete-time annual distribution rate | — 50 (2)

Our task is to answer the following questions:
Question 1: What is portfolio value mean and variance at the end of year three?
Question 2: What is portfolio return mean and variance at the end of year three?

Question 3: What is the random portfolio value equation?

Individual Asset Value

We defined the variable A4;(t) to be the value of the i’th asset in the portfolio at time ¢t. We will define the variable
A; to be the i’th asset’s continuous-time return mean minus the distribution rate, the variable o; to be the i’th
asset’s return volatility, and the variable dW;(t) to be the change in the driving brownian motion at time ¢. The
stochastic differential equation (SDE) that defines the change in asset value excluding correlation is...

We will model correlation by adding the variable 6W,(t), which is the change in a brownian motion that is common
to all assets in the portfolio (i.e. a common factor), and the variable p;, which is the correlation between the i’th

asset’s return and the common factor, to the equation above. Using Equation (3) above the revised equation for
the change in asset value including correlation is... [1]

BAt) = As Ai(0) 5t + py oy A1) SWalt) + /1 — p2 02 Ai(t) SWilt) .where... SW, (1) ~ N {o, 515} (4)
We can standardize Equation (4) above by rewriting it as...
5A;(t) = Ni Ai(t) 6t + p; oVt Ai(t) Zo + /1 — p2 0,V 0t Ai(t) Z; ... where... Z; ~ N [0, 1} and Z. ~ N[O, 1] (5)
Note that in Equation (5) above we have the following expectations...
E[Zi] = E[ZC] =0 ..and... E {Zf] =E {22] =1 ..and... E {ZC ZZ} =0 (6)

Given that Equation (5) above is the differential equation that defines the change in random asset value at time ¢
then the solution to that differential equation is the equation for random asset value at time ¢, which is...

If we divide both sides of Equation (7) above by the known asset value at time zero then we get the following
equation...

Ai(t)
A;(0)

Using Appendix Equation (67) below the equation for the first moment of the distribution of random asset value
at time ¢ divided by the known asset value at time zero is...

8]

Using Equation (7) above the equation for the square of random asset value at time ¢ is...

:Exp{Ainioi\/EZch 1—p§oi\/¥Zi} (8)

A;(t)? = A;(0)? Exp {2(& t+ pioiNt Ze + 11— p? o—i\/izz) } (10)



If we divide both sides of Equation (10) above by the square of the known asset value at time zero then we get the
following equation...

j((é); = Exp {2<Ai t 4 pioiVE Ze + 1)1 = p? gi\/zzi> } (11)

Using Appendix Equation (82) below the equation for the second moment of the distribution of random asset value
at time t divided by the known asset value at time zero is...

E {282] = Exp {2 (A,» t+ o? t) } (12)

Using Equation (7) above the equation for the product of the i’th and j’th asset values at time ¢ where i # j is...

= A;(0)A4;(0) Exp { (/\i + /\j>t + <pi oVt + p; aj\/£> Zet\J1=p2 oVt Zi+ /1 = p? aj\/ij}
(13)

If we divide both sides of Equation (13) above by the product of the known asset values at time zero of the i’th and
j’th asset then we get the following equation...

Ai(t)A;(t)

A e 1 ) X+t i 0Vt soiVt | Z, 1—p2oVtZ; 1—p20:VtZ; 14
soa B (o) (pavemai)a e is otz i deoia)

Using Appendix Equation (96) below the equation for the expected product of any two random asset values at time
t where i # j is...

]t () Yot

Using Equations (9) and (12) above the equations for the first and second moments of the distribution of random
asset value at time ¢ are...

E{Ai(t)} = Ai(o)E[ZEéﬂ ...and... E{Ai(t)z} :Ai(O)zExp{2<)\it+0i2>t} (16)

Individual Asset Return

We will define the variable r;(t) to be the random rate of return on asset A; over the time interval [0,¢]. The
equation for individual asset return is...

if... A;(t) = A;(0) Exp {ri(t)} .then... r;(t) = In (Ai(t)) ~In (Ai(0)> (17)

Using Equation (7) above we can rewrite Equation (17) above as...
ri(t) =In (Ai(O) Exp {)\i t+ pi ot Zo +1/1 — p? cr,'\/iZz}> —1In (Ai(0)>
=In (AZ(O)> +Ait+pi0'i\/izc+ 1—p120i\/£Zi—ln (Az(O))

:/\it+pioi\/ch+ 1*,012 O'z'\/l?Zi (18)

Using Appendix Equation (97) below the first moment of the distribution of the i’th asset’s random rate of return
is...

E{ri(t)] = A\t (19)

Using Appendix Equation (98) below the second moment of the distribution of the i’th asset’s random rate of return
is...

E [ri(t)ﬂ =12 +olt (20)



Using Equation (19) above the mean of the distribution of the i’th asset’s random rate of return is...
mean of r;(t) = E ri(t)} =\t (21)

Using Equations (19) and (20) above the variance of the distribution of the i’th asset’s random rate of return is...

?

variance of 7(t) = E [ri (t)2: - [E [ri(t)} } i =olt (22)

Using Appendix Equation (99) below the expected product of the rates of return on the i’th and j’th asset over the
time interval [0, ¢] is...

E |:Ti(t) Tj(t)} =Nt +pipjoiojt (23)

Using Equations (19) and (23) above the covariance of the distribution of the product of the i’th and j’th asset’s
random rate of return is...

covariance of r;(t) and r;(t) = E [ri(t) T (t)] —E {m (t)] E {rj(t)] =N+ pipjoioit—NANtE (24)
Using Equation (24) above the equation for the pairwise correlation between the random rates of return on the i’th
and j’'th asset is...

covariance of r;(t) and r;(t) A\ A 2+ p; pj o0t — A A 2
volatility r;(t) x volatility r;(t) oiVto\t

correlation of r;(t) and r;(t) = =pip; (25)

Note that whereas the correlation between the rate of return on the i’th asset in the portfolio and the common
factor is p;, the correlation between the rates of return on any two assets in the portfolio is p; p;.

The Portfolio Value Equation

We defined the variable P(t) to be the value of the portfolio of assets at time t. We will drop the subscripts and
define the variable A to be the portfolio’s return mean minus the distribution rate, the variable o to be the portfolio’s
return volatility, and the variable 6 (¢) to be the change in the driving brownian motion at time ¢. The stochastic
differential equation that defines the change in portfolio value at time t is...

dP(t) = AP(t) 6t + o P(t) W (t) ...where... W (t) ~ N[O, 6t] (26)
We can standardize Equation (26) above by rewriting it as...
SP(t) = AP(t) 0t + o P(t) V6t Z ..where... Z ~ N {0, 1] (27)

The solution to Equation (27) above is the equation for random portfolio value at time ¢, which is...

N
P(t) = P(0) Exp {)\t + aﬁZ} ...where... P(0) = ZAZ-(O) ...and... N = number of assets (28)
i=1

If portfolio return is normally-distributed then portfolio value is lognormally-distributed. Given the known proper-
ties of the lognormal distribution the first and second moments of the distribution of portfolio value as defined by
Equation (28) above are... [2]

E [P(t)} = P(0) Exp { <>\ + % 02>t} ..and... E {P(t)ﬂ = P(0)? Exp {2(/\ + 02>t} (29)

Since portfolio value at time ¢ equals the sum of the values of the individual assets in the portfolio at time ¢ then
using Equation (7) above we can rewrite portfolio value Equation (28) above as...

N
P(t)=A:(t) + A2(t) + ... + An(t) = Z A;(t) ..where... N = number of assets (30)
i=1



Note that we can rewrite Equation (30) above as...

_ A (t) As(t) Av(t) K, A
We will rewrite Equation (31) above to be a function of portfolio value at time zero...
N
P(t) = P(0) {wl jll(%)) + we jj((é)) + .. twy jZ(((t)))] = P(0) ZW j:(((t))) ...where... w; = 1;4;((8)) (32)

We will define the variable M (t) to be the first moment of the distribution of random portfolio value at time ¢.
Using Equations (9) and (32) above the equation for the first moment is...

N N

M (t)=E [P(t)] =E [P(O) > wi j((éﬂ = P(0) ; w; E [j((é))} (33)

i=1

We will define the variable w to be a vector of portfolio weights. The equation for this vector given that in our
hypothetical problem the variable N = 3 is...

w1 Al(O) N
w = 1;2 ...where... w; = P0) ...and... ;wizl (34)

We will define the variable v to be a vector of first moments of random asset value at time ¢ divided by the known
asset value at time zero. The equation for this vector given that N = 3 is...

U1 At
v = |vy| ..where... v; = E[A:((O))] (35)
v3
Using Equations (34) and (35) above we can rewrite Equation (33) above as...
M (t) = P(0)wT+ (36)

Using the hypothetical problem parameters in Table 1 above and Equations (9) and (36) above the first moment
of the distribution of random portfolio value at the end of year five for our Hypothetical Problem is...

0.30 1.2250
if.. w=050] ..and.v= [1.1910| ..then.. M;(5)=1,000x w'v=1,195 (37)
0.20 1.1576

Using Equation (30) above the equation for the square of random portfolio value at time ¢ is...

2 N N
P(t)? = (Al(t) + As(t) + ... + AN(t)> =D Ai(t) Aj(t) (38)

i=1 j=1
Note that using Equation (32) above as our guide we can rewrite Equation (38) above as...
N

2 N N ) .
P(1)? = <P(0) S ﬁ(?)) = P(0)? Z;wi w j((é)) jj((é)) (39)

i=1 i=1j

We will define the variable Ms(t) to be the second moment of the distribution of random portfolio value at time ¢.
Using Equation (39) above the equation for the second moment is...

2 2 Ai(t) Aj(t QNN Ai(t) Aj(t
Mg(t):IE[P(t) ] :E[P(O) > wiw, Ai((o)) Aj((o))} — P(0) ZZwiij[Ai((O) Aj((o))} (40)

i=1 j=1

~—



We will define the variable A to be a matrix of expected products. Using Equations (12) and (15) above the

equation for this matrix is...
o Aq(t)?
1= ]:| = E|:Ai(0)2 ...and... Qg

Using Equations (34) and (41) above we can rewrite Equation (40) above as...

a1 ar2 i3
A= |az1 a2 az3| ..where.. {ai’j

] e ) @

as;1 as2 as;3

Msy(t) = P(0)’ WA W (42)

Using the parameters in Table 1 above and Equations (12), (15) and (42) above the second moment of the distribution
of random portfolio value at the end of year seven for our Hypothetical Problem is...

1.9659 1.6254 1.4701
if... A= [1.6254 1.5994 1.4207| ..then... My(5) = 1,000% x W' AW = 1,580,200 (43)
1.4701 1.4207 1.3809

Portfolio Value - The Moment Matching Method

We will estimate the values of A and ¢ in Equation (28) above by matching the first two moments of random
portfolio value (Equation (29) above) to the first two moments of the sum of individual asset values (Equations
(36) and (42) above). This statement in equation form is...

P(0) Exp { <>\ + % 02>t} = M;(t) ..and... P(0)*Exp {2 ()\ + 02>t} = My(t) (44)
If we take the log of Equation (44) above then we have the following two simultaneous equations...
In(P(0)) + At + %(7215 =In(M;(t)) ...and... 2 In(P(0)) + 2\t +20%t = In(Ma(t)) (45)
Note that we can rewrite Equation (45) above as...

wo e _WOL®) -WPO) o Wn(Ma(t) 2 In(P(0)

2 t t

(46)
We will make the following matrix and vector definitions...

oo 050l o AT [In(Ma(t) — In(P(0))] /¢
Q_L.oo 2.00} and.. [02} and.. Lm(Mz)(t))—zln(P(O))] /t} (47)

Using Equation (47) above we can rewrite Equation (46) above in the following matrix:vector notation...

(48)

- PR R —1 _ | 2.00 -0.50
Qr =S5 ..such that... r=Q7"§ ..where... Q7" = {2.00 1.00

Before we can use a single lognormally-distributed random variable to model portfolio value we need the portfolio’s
expected rate of return and return volatility. We do that by matching the moments of an unknown distribution to
the moments of a known distribution. The values of the portfolio’s return mean and return volatility are contained
in vector ¥, which we solved for above. Using the parameters in Table 1 above and Equations (34), (??) and (?7?)
above the value of vector ¥ for our Hypothetical Problem is...

.~ [In(1,195) — In(1,000)] / 3.00 ~ [0.0593 . 1. [0.0423
o 8= 100 (1,580, 200) — 2 x In(1,000,000))] /3.00| = 0.1525 ~them F=Q7 8= 1551 (49)

Using Equation (49) above the estimated values of p,, and o, are...

pip = 0.0423 ..and... o, = v/0.0340 = 0.1844 (50)



The Answers To Our Hypothetical Problem
Question 1: What is expected portfolio value at the end of year 57

Using the parameters in Table 1 above and Equation (50) above portfolio value at the end of year seven
via the Moment Matching Method is...

1
E {P(t)] = 1,000,000 x Exp { <0.0423 +5 0.18442> x 3.00} = 1,195,000 (51)

Question 2: Show that The Moment Matching Method gives us a good approximation of portfolio value at the
end of year 5.

Using Equations (7) and (30) to conduct 5,000 trials of random portfolio values (blue bars). Use the estimates for
A and o in Equation (50) above to approximate random portfolio value (red line). The graph of the two methods is...

Probability Distribution - Moment Matching

Frequendy
g2 =

& & &

B

— et Vel e—ppeeanaed Value

Note that The Moment Matching Method gives us a good approximation of the sample distribution of
portfolio value.
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Appendix

A. The equation for the probability density function of a standardized normal distribution is...

f(z) = \/;Exp{ - %f} ...such that... 7 f(z)0z=1 (52)

B. Using Equations (8) and (52) above the equation for the expected value of random asset value at time ¢ divided
by known asset value at time zero is...

Ailt
i

IE[A 0))} = ]Of(zi) 7f(zc) Exp{/\it—l-pi ot Ze + /1 = p? az-\/z_fZi}éZc5Zi (53)



We will define the variable I to be the inner integral of Equation (53) above. The solution to that integral is...

I= /f(ZC)EXp{/\it‘i’piUi\/iZc‘F 1—P120i\/521}5zc
= /f(Zc)Exp{)\it—i—piai\/iZc}Exp{ 1—,030—“/%21}52

Exp{ 1pfoi\/ZZZ}/f(ZC)EXp{)\it+piJi\ﬁZc}5Z

The solution to the integral in Equation (54) above is...

/ f(Z.)Exp {)\it + pi Ui\/EZC}éZC = / 2Exp{ ~5 ZCQ} Exp {)\it + pi Ui\/l;Zc}(SZ
™

o0

1 1
- / Exp{ — Z62+/\it+pi0i\/z?Zc}5Zc
27 2

= EXP{AM} / 1EXP{ - 1<Zf —2p; ai\/ch) }5Z
27 2

We will define the variable 6 as follows...
0=27.— p; oVt ..and... 0% = ZC2 —2p; ot Z, + p?aft

Using Equation (56) above we can rewrite Equation (55) above as...

J L e O I R e G R e P

:Exp{/\t—i- pio }/\/>Exp{—92}6Z

Note that the derivative of 8 (as defined by Equation (56) above) with respect to the random variable is...

06

— =1 ..s0... =07
57 80... 00 =462,

Using Equations (52) and (58) above we can rewrite Equation (57) above as...

1
/f Exp{)\ t+ pi oVt Z, }6Z —Exp{)\ t+ - p } / \/ Exp{ —292}69
1 45, 1
=Exp{Xit+ - pjo;ty ..because... —Expq{ —
2 27

Using Equation (59) above we can rewrite Equation (54) above

1
I_Exp{ 1—p? GZ\[Z}EXp{)\ t—|—2p2 2t}

02}69 =1

(54)

—

57)

(58)



Using Equation (60) above we can rewrite Equation (53) above as...

E[j:fé))] = /f(Zi)Exp{ 1—p?ai\/£Zi}Exp{)\it+;pfaft}ézi

=Exp{/\t+ plo }/f Exp{ 1—plal\/Z} (61)

Using Equation (52) above the solution to the integral in Equation (61) above is...

/f(Zi)EXp{ 1—p?0¢\/¥Z¢}5Z¢:/1/21Exp{—;Zf}Exp{ 1—p?ai\/fZi}5Z
T

T 1 1
:/ 2Exp{—2Zi2+ 1_pi20'i\/£Zi}6Zi

™

_ i 1 1 2 2 . . .
7/ 27TExp{ Q(Zi 24/1 pidz\/iZ1>}5zl (62)

We will redefine the variable 6 as follows...
0=2;—/1—-p2oiVt ..and... 0> = Z2 —2\/1 — p2 oVt Z; + (1 — p?) o2 t (63)

Using Equation (63) above we can rewrite Equation (62) above as...

/f(Zi)EXp{ lp?Ji\/iZi}(;Zi/\/;Exp{;Gz}Exp{;(lpl)a }5Z
:Exp{;(l—pf)oft}/\/;Exp{—;HQ}(SZi (64)

Note that the derivative of § (as defined by Equation (63) above) with respect to the random variable is...

06
07,

=1 ..s0... 80 =627, (65)

Using Equations (52) and (65) above we can rewrite Equation (64) above as...

/f(Zi)Exp{ 1—pfoi\/£Zi}5Zi:Exp{;(l—p?)aft}/\/21Exp{—;HQ}(SG
0

Vi 1
= Exp {; (1—p?) o?t} ...because... / QL Exp{ 3 92}69 =1 (66)

T
Using Equation (66) above we can rewrite Equation (61) above as...

Ait) ] _ L 5 1 2\ 2
E{Ai(o)]Exp{)\ltJeriait Exp 2(1 p;)oit

1 1
:Exp{/\ t+2plalt+2(l—p?)a?t}

1
:Exp{/\it—i-QUiZt} (67)




C. Using Equations (10) and (52) above the equation for expected asset value squared at time ¢ is...

Ait2 ee] [ee]
E{Ai((o))z} = /f(Zi)/f(ZC)Exp{Q/\it+2pioiﬁZc+2 1—p%0i\/zZi}5ZC6Zi

(68)

We will define the variable I to be the inner integral of Equation (68) above. The solution to that integral is...

o0

I:/f(ZC)EXp{Q)\it—FQpiai\/iZc—FQ 1—p?0i\/fZi}5Zc
:/f(ZC)Exp{2)\it+2pioi\/iZc}Exp{2 1—p§ai\/£zi}5zc
— 00

Exp{2 1p%ai\/ZZi}/f(Zc)Exp{2)\it+2piai\/ZZc}5Zc

The solution to the integral in Equation (69) above is...

/f(Zc)Exp{2)\it+2piai\/£Zc}5Zc:/1/2Exp{—2Zf}EXp{Q)\it—i—?piai\/iZc}éZc
™
T 1,
= —Exp{ — = Z2 42\t +2pi0iVt Z, p6 2.,
2T 2
T 1
:EXp{Q)\,-t}/ 2Exp{—2<Z§—4piai\/izc>}5Zc
™

We will define the variable 0 as follows...
0=27Z.—2p; oVt ..and... 0% = Zf, —4p; ot Z, + 4p?0?t

Using Equation (71) above we can rewrite Equation (70) above as...

/f(ZC)EXp{2)\it+2pim\/1:/Zc}5ZcEXp{Q)\,;t}/\/;EXp{;HQ}EXp{proft}(;Zc
T
2 2 Ji 1 Lo
=Exp<2XNt+2pio;t — BExp{ — -0° 02,
27 2

Note that the derivative of § (as defined by Equation (71) above) with respect to the random variable is...

00
=1 ..so0... =07
57 80... 00 =467,

Using Equations (52) and (73) above we can rewrite Equation (72) above as...

/f(ZC)EXp{2)\it+2piai\/£Zc}5Zc:Exp{Q/\it—i—Zp?U?t}/\/2Exp{—292}69
0

— 00

(69)

—~

72)

1 1
= Exp {2 Ait + 2p?oi2t} ...because... / o Exp{ - 262}59 =1
b
—o0

10

(74)



Using Equation (74) above we can rewrite Equation (69) above
I =Exp {2 1— p? Ui\/iZi}Exp{Q/\it+2p?0i2t} (75)

Using Equation (75) above we can rewrite Equation (53) above as...

(£)2 v
E[jq((é))z} = /f(Zi)EXP{2 1—P?Uz‘\/%zi}EXp{2)\it+2pfai2t}5Zi

:EXp{Q)\it—l—Qp?a?t}/f(Zi)EXp{Q 1—p120i\/fZi}5Zi (76)

Using Equation (52) above the solution to the integral in Equation (76) above is...

/f(Zi)Exp{2 1—p?ai\/EZi}5Zi:/y/21Exp{—;Zf}Exp{Q 1—p§a,-\/£zi}5z
™
/H Exp{Z2+2 1—p? Jl\[Z}(sZ
1 1/
:/ —Exp{ — = Z —44/1—p? ot Z; ) V62, (77)
27 2

0=2;—2\/1—p20iVt .and... 0% = Z2 —4\/1 - p2 oVt Zi +4(1 — p?) o2 t (78)

K2

We will redefine the variable 6 as follows...

Using Equation (78) above we can rewrite Equation (77) above as...

/f(ZZ-)Exp{Q 1—pgai\/£Zi}5Zi:/1/21Exp{—;HQ}EXp{Q(l—p?)Uft}éZi
™
=Exp{2(1—p?)oit 7,/1Exp _Lelsz, (79)
v 27 2 !

Note that the derivative of § (as defined by Equation (78) above) with respect to the random variable is...

06
0Z,

Using Equations (52) and (80) above we can rewrite Equation (79) above as..

/f(Zi)EXp{Q 1—p?oiVtZ; }5Z —Exp{ (1 — p?)o? t} / A =— Exp{ 02}50
N [ 1 Lo
= Exp {2(1—pi)ai t} ...because... / Exp{—9 }59:1
27 2

=1 ..s0... 60 =67, (80)

(81)
Using Equation (81) above we can rewrite Equation (76) above as...
Ai(t)? 2 2 2\ 2
E|:Ai(0)2 =Exp<2XNt+2pio;t p Expe2(1—pf)oit
:Exp{2)\t—|—2p202t+2(1— ) ft}
:Exp{Z)\it+20i2t} (82)

11



D. Using Equations (13) and (52) above the equation for the expected value of the product of two asset prices at
time ¢ is...

B gia 2] =_Z f%-)_Z f(Zn_Z sz B (h4n )+ (moip0,v8) 2
+y\/1=p2oiVtZ; + 1—p§aj\/izj}5zcéziazj (83)

We will define the variable I to be the inner integral in Equation (83) above. The solution to that integral is...
I= / f(Z.) Exp { ()\i + Aj)t+ (piai\/i+pj o—j\/E>Zc /1= pPoVtZi+ /1 — pgaj\/izj} 67,
= /f(ZC)Exp{<>\i+>\j>t+(pioi\/ierjUj\/E)ZC}Exp{ 17p30'1\/7?21+ 1p?aj\/iZj}5Zc
R (o)

:Exp{ 1—p30i\/£Zi+ 1—p?0'j\/%Zj} / f(ZC)EXp{<>\i—|—/\j>t—|— (piO'i\/%—ij Uj\/i)Zc}(SZC (84)

We will define the variable I, to be the integral in Equation (84) above. The equation for that integral is...
I, = / f(Z.)Exp { <A,— + Aj)t + (pi oVt + pj o—j\/i> ZC} §Z. (85)
—00

Using Equation (52) above the solution to Equation (85) above is...

T 1
IgEZ/ 2EXp{—QZ?}EXp{()\i-F/\j)t-F(,Oidi\/i—ijO'j\/%)Zc}(SZC
T
A 1,
= ﬁEXp _§Zc+ )\Z+)\j t+ piO'i\/z—‘rijj\/% Z. 02,
T 1,
=Expq (A+ At ﬂExp —iZCJr piai\/erpjaj\/f Ze p 07, (86)

We will define the variable 6 as follows...
2
0= ZC — <pi 0'@\/%*\‘ Pj Uj\/Z) ...and... 92 = ZC2 — 2<pi ai\/ﬁ— Py Uj\/i) Zc + <pi 07;\/1?4—,0]' Uj\/i) (87)

Using Equation (87) above we can rewrite Equation (86) above as...

® 2
Iz:Exp{<)\i+/\j>t}/\/21Exp{—;02}Exp{;(pi0i\/i+pj0j\/g> }5ZC
m
1 N T 1 1,
= Exp Ai + A t—|—§ piO'i\/%‘ijO'j\/l? / TEXp —50 0Z, (88)
™

Note that the derivative of 8 (as defined by Equation (87) above) with respect to the random variable is...

06
0Z,

=1 ..s0... 00 =627, (89)
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Using Equations (52) and (89) above we can rewrite Equation (88) above as...

1 N T 1
IZ:EXp{<)\i+/\j>t+(piai\/f—i—pjaj\/i) }/ EXp{—92}59
2 27 2
1 2 T 1
= Exp { ()\i + )\j>t+ 2<pi Ui\/i—i—pj Jj\/lg) } ...because... / 2Exp{ — 292} 60 =1 (90)
0

Using Equation (90) above we can rewrite Equation (84) above

:Ai(O)Aj(O)Exp{MUi\/iZi—i— 1—p§ajﬁzj}Exp{(Ai+Aj>t+;<piaiﬁ+pjaj\/i>2} (91)

Using Equation (91) above we can rewrite Equation (83) above as...

e[A0LOT_ [ sz [ sz (i dowiz\i-goiz)
Exp { <>\i + )\j>t+ ;(m oVt + p; aj\/i)Q} YARYA

i 2
1
= / f(Zj) Exp { ()\Z + )\j)t + 5 (pi O'i\/i—f— P O'j\/i) }
—o0
= / f(Z;)Exp { <)\i + )\j)t + 3 <pi oVt + p; oj\/{f) }Exp { 1-— p? ojﬁZj}
/ f(Z;) Exp { 1—p? o—i\/izi} 82;67; (92)
Using Equation (66) above the solution to the inner integral in Equation (92) above is...

7 f(Z) Exp{ 1—p? ai\/izl} 87Z; = Exp {; (1—p?)o? t} (93)

Using Equation (93) above we can rewrite Equation (92) above as...
AWAWM] _ [ i 2
e Fror o R R (GRS CLAE I
1
Exp {2 (1- p?)o?t} Exp{ 1- p?o—j\/izj} 8Z;

1 ? 1
:EXp{(Ai—f—)\j)t—f— 2(piai\/i+pjaj\/f> }Exp{2(1 —pf)a?t}

7f(Zj)EXp{ I Uj\/iZj}fszj (94)
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Using Equation (66) above the solution to the integral in Equation (94) above is...

7 f(Zj)EXp{ 1—p? aj\/izj} §7Z; = Exp {; (1—p3) aft} (95)

Using Equation (95) above we can rewrite Equation (94) above as...

E{M] —Exp{(/\i+/\j>t+;<pi0¢\/g+pj0j\/i>2}Exp{;(l—pf)aft} Exp{;(l—pﬁ)a]?t} (96)

E. Using Equation (17) above the equation for the first moment of the distribution of the i’th asset’s random rate
of return is...

:)\it+pia¢\/ﬁE[Zc] + l—p?ai\/{EE{Zz}
= \;t ...because... E{Zc} z]E{Zl} =0 (97)

F. Using Equation (17) above the equation for the second moment of the distribution of the i’th asset’s random
rate of return is...

E[ri(t)2] E[(Aiteriai\/%Zch 1—p§o—i\/%zi)2}

E[Aft2+pfafth+(1p?)aftZﬂ
=N t? +p? aft]E[Zf} +(1— pf)a?tE{Zf]
=Xt* + 07t ...because... E{ZCQ] = E[ZZQ} =1 (98)

Note: Given that E[Z,.] = E[Z;] = E[Z. Z;] = 0 we can ignore all variables that include Z., Z;, and the product of
Z. and Z;.

G. Using Equation (17) above the expected product of the rates of return on the i’th and j’th asset in the
portfolio over the time interval [0, ] is...

E[m(t) T‘j(t)] = E[(MHM oiVEZe + 1= p? Uz'\/ZZz‘) <Ait+pj VIZet (1= 7] Uj\/zzjﬂ
:E[)\i A t? —&-PinUinthz}
= N\ A\jt2 + pipjo; o tE {Zz}
=X\ \jt>+ p;pjo;o;t ..because... E[Zf] =1 (99)

Note: Given that E[Z. Z;] = E[Z. Z;] = E[Z; Z;] = 0 we can ignore all variables that include these products.
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